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HOMOTOPY SEQUENCE OF A TOPOLOGICAL GROUPOID
WITH A BASEGROUP AND AN OBSTRUCTION TO
PRESENTABILITY OF PROPER REGULAR LIE GROUPOIDS
B. JELENC AND J. MRCˇUN
Abstract. A topological groupoid G is K-pointed, if it is equipped with a
homomorphism from a topological group K to G . We describe the homotopy
groups of such K-pointed topological groupoids and relate these groups to the
ordinary homotopy groups in terms of a long exact sequence. As an applica-
tion, we give an obstruction to presentability of proper regular Lie groupoids.
Topological and Lie groupoids are geometric objects that can be used to represent
various singular geometric structures. Examples of such structures include folia-
tions, equivalence relations, group actions, orbifolds, etc. The topological groupoids
associated to these geometric structures are usually determined up to Morita equiva-
lence. Homotopy groups are examples of Morita invariants of topological groupoids.
They can be defined as the homotopy groups of the associated classifying space (see
e.g. [6, 13]). An equivalent description of these groups is given by the group of ho-
motopy classes of principal (G , a)-bundles over (In, ∂In) [6, 10, 18]. Here (G , a) is a
pointed topological groupoid with basepoint a in the space of objects G0 of G . This
approach has several advantages, for instance, it enables us to describe the notion
of a Serre fibration in the Morita category of topological groupoids and derive the
associated long exact sequence of homotopy groups ([10], see also [19] for a study
of fibrations in the context of stacks).
The description of homotopy groups in terms of principal bundles over (In, ∂In)
also allows us to consider the homotopy groups of a topological groupoid with a
more general base instead of a simple basepoint in its space of objects. A homo-
morphism ρ from a locally compact Hausdorff topological group K to a topological
groupoid G defines a K-basegroup in G at a point a in G0. We say that such
a groupoid with a K-basegroup is K-pointed and denote it by the triple (G , a, ρ).
The K-pointed topological groupoids form a Morita category, where morphisms are
given by the (isomorphism classes of) principal bundles. Such a principal (G , a, ρ)-
bundle over (H , b, v) is a pointed space (P, p) which is a principal G -bundle over
H ([7, 18, 17]) compatible with the action of the basegroups. We can extend
this Morita category further to include K-marked topological groupoids, which
are triples (G , A, ρ), where A is a subset of G0 and ρ is a continuous choice of a
K-basegroup at each a ∈ A. For instance, this Morita category of K-marked topo-
logical groupoids includes (K × In, ∂In, τ), where τ is the inclusion. We define the
n-th homotopy group of a K-pointed topological groupoid (G , a, ρ) as the group of
homotopy classes of principal (G , a, ρ)-bundles over (K × In, ∂In, τ), and denote
it by πKn (G ) = π
K
n (G , a, ρ). It is clear that this gives us a more refined version of
homotopy groups, as the elements of πKn (G ) can be seen as elements of the ordi-
nary homotopy group πn(G ) = πn(G , a) with an additional left K-action. Similar
constructions are known in the context of orbifolds [2] and orbispaces [9].
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Next, we associate to every topological groupoid G the groupoid GK , which is
the action groupoid associated to the adjoint G -action on the space of all morphisms
fromK to G . This groupoid plays the role of the exponential in the Morita category
of topological groupoids. This exponential provides an alternative description of
the homotopy groups of a K-pointed topological groupoid (G , a, ρ) as ordinary
homotopy groups of the pointed groupoid (GK , ρ). We also extend the notion of a
Serre fibration to the notion of a Serre K-fibration. We are especially interested in
the canonical functor ω : GK → G that gives the relation between homotopy groups
of a K-pointed groupoid (G , a, ρ) and ordinary homotopy groups of (G , a). When
ω is a Serre fibration, this relation is expressed in terms of a long exact sequence
. . .→ πn(hom(K,Ga))→ π
K
n (G )→ πn(G )→ πn−1(hom(K,Ga))→ . . . ,
where hom(K,Ga) is the space of all homomorphisms from K to the isotropy group
Ga of G at a.
In the last part of the paper, we study the homotopy groups of K-pointed con-
nected proper regular Lie groupoids. Choosing the K-basegroup of such a groupoid
to be given by the Lie group Ka(G ) of its ineffective arrows at a ∈ G0, the long
exact sequence associated to the functor ω gives us the monodromy map
∂ : π1(G )→ π0(Aut(Ka(G ))) ,
which is a Morita invariant of G . This map provides us with an obstruction to pre-
sentability of connected proper regular Lie groupoids as global quotients (see Theo-
rem 15). We show that if such a groupoid G is Morita equivalent to the translation
groupoid associated to an action of a connected compact Lie group on a smooth
manifold, then there exists a faithful unitary representation of Ka(G ) such that the
corresponding character is fixed under precomposition with any automorphism rep-
resenting a class in the image of the monodromy map ∂ : π1(G )→ π0(Aut(Ka(G ))).
1. Morita category of group-marked topological groupoids
1.1. Topological groupoids. To fix the notations, let us first recall some basic
definitions and facts (for details and examples, see e.g. [12, 16, 17]). A groupoid
is a small category in which all arrows are invertible. In particular, a groupoid
G has its set of objects G0 and its set of arrows G1. Each arrow g of G has its
source object s(g) and its target object t(g). For two objects x, x′ ∈ G0 we denote
by G (x, x′) = s−1(x) ∩ t−1(x′) the set of arrows from x to x′ in G . The product
arrow gg′ ∈ G1 of two arrows g, g′ ∈ G1 is defined if s(g) = t(g′), and in this case
s(gg′) = s(g′) and t(gg′) = t(g). Each object x has its unit arrow 1x ∈ G (x, x),
and each arrow g has its inverse arrow g−1. A groupoid G is sometimes denoted by
(G1 ⇒ G0). The set G (x, x) is a group, called the isotropy group of G at the object
x, and denoted also by Gx or Ix(G ).
A topological groupoid is a groupoid G with topology on G0 and on G1 such
that all the structure maps mentioned above are continuous. In particular, the
isotropy groups of a topological groupoid are topological groups. A homomorphism
of topological groupoids is a continuous functor between them. In this way we get
the category of topological groupoids, which we denote by Gpd.
First examples of topological groupoids are topological spaces and topological
groups: any topological space X can be viewed as the (unit) topological groupoid
(X ⇒ X), and any topological group G is a topological groupoid with only one
object (G⇒ ∗). The category of topological spaces and the category of topological
groups are both full subcategories of Gpd.
31.2. Actions of topological groupoids. Recall that a right action of a topolog-
ical groupoid G on a topological space X along a (continuous) map ǫ : X → G0 is a
map µ : X ×G0 G1 → X , (x, g) 7→ xg, which is defined for each pair (x, g) ∈ X × G1
with ǫ(x) = t(g) and satisfies the usual properties of an action. For such a
right G -action we write xG = µ(x, t−1(x)) for the orbit through x and X/G
for the associated space of orbits. We have the associated translation groupoid
X ⋊ G = (X ×G0 G1 ⇒ X), which is the topological groupoid in which the source
map is the action µ, the target map is the first projection and the product is given
by (x, g)(x′, g′) = (x, gg′). Analogously, one defines a left action of a topological
groupoid H on X and the associated translation groupoid H ⋉X .
1.3. Morita category of topological groupoids. Let G and H be topological
groupoids. A principal G -bundle over H is a space P , equipped with a left H -
action along π : P → H0 and a right G -action along ǫ : P → G0 such that
(i) the map π has local sections (i.e. for any y ∈ H0 there exist a section of π,
defined on an open neighbourhood of y),
(ii) for every h ∈ H1, p ∈ P and g ∈ G1 with s(h) = π(p) and ǫ(p) = t(g) we
have π(pg) = π(p), ǫ(hp) = ǫ(p) and h(pg) = (hp)g, and
(iii) the map P ×G0 G1 → P ×H0 P , (p, g) 7→ (p, pg), is a homeomorphism.
A morphism between principal G -bundles over H is an H -G -equivariant map
between them. Any such homomorphism is in fact an isomorphism.
For a principal G -bundle P over H and a principal H -bundle Q over K we
have the tensor product Q⊗ P = Q⊗H P , which is a principal G -bundle over K .
The space Q ⊗ P is the space of orbits of the diagonal H -action on the fibered
product Q×H0 P [17, 18]. The Morita category GPD of topological groupoids is the
category with topological groupoids as objects and isomorphism classes of principal
bundles as morphisms, and with composition induced by the tensor product. Morita
equivalences are the isomorphisms in GPD. The category of topological spaces is a
full subcategory of the Morita category GPD. There is a natural functor 〈 - 〉 : Gpd →
GPD, which is identity on objects, while it maps a homomorphism φ : H → G to
the (isomorphism class of the) principal G -bundle 〈φ〉 = H0 ×G0 G1 over H . We
also have the Morita bicategory of topological groupoids in which principal bundles
are 1-morphisms and morphisms of principal bundles are 2-morphisms.
1.4. Pointed and marked topological groupoids. A pointed topological group-
oid is a topological groupoid G , together with a basepoint a ∈ G0 (see [8, 18]). More
generally, a marked topological groupoid is a pair (G , A), where G is a topologi-
cal groupoid and A is a subset of G0. A pointed topological groupoid (G , a) can
therefore be seen as the marked topological groupoid (G , {a}). A homomorphism
between marked topological groupoids φ : (H , B) → (G , A) is a homomorphism
φ : H → G such that φ(B) ⊂ A. A principal (G , A)-bundle over (H , B) is a pair
(P, σ), where P is a principal G -bundle over H and σ : B → P is a section of
π : P → H0 such that ǫ : (P, σ(B)) → (G0, A) is a map of topological pairs and
π : (P, σ(B)) → (H0, B) is a map of topological pairs with local sections (i.e. for
any b ∈ B there exist a section of π, defined on an open neighbourhood V of b
in H0, which is a map of topological pairs (V, V ∩ B) → (P, σ(B))). In particu-
lar, if (G , a) and (H , b) are pointed topological groupoids and (P, σ) is principal
(G , a)-bundle over (H , b), then we write (P, σ) = (P, σ(b)). Morphisms between
principal (G , A)-bundles over (H , B) are morphisms of principal G -bundles over
H which commute the given sections. One can check that the tensor product of
principal bundles with sections has a natural section as well, thus we obtain the
Morita category GPD[∗] of marked topological groupoids. As a full subcategory of
GPD[∗], we have the Morita category GPD∗ of pointed topological groupoids.
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1.5. Group-marked topological groupoids. Let K be a fixed locally com-
pact Hausdorff topological group. A K-basegroup in a topological groupoid G
is a homomorphism ϕ : K → G , where we view K as the topological groupoid
(K ⇒ ∗). In particular, such a K-basegroup is a homomorphism of topological
groups ϕ : K → Gϕ(∗). We write
hom(K,G ) = Gpd((K ⇒ ∗),G )
for the space of all K-basegroups of G , equipped with the compact-open topology,
and ω : hom(K,G )→ G0 for the natural map given by ω(ϕ) = ϕ(∗). Any homomor-
phism φ ∈ Gpd(H ,G ) induces a map φ∗ : hom(K,H )→ hom(K,G ). A K-pointed
topological groupoid is a topological groupoid G together with a K-basegroup ρ in
G ; we denote such a K-pointed topological groupoid by (G , a, ρ), where a = ρ(∗).
A homomorphism between K-pointed topological groupoids (H , b, υ) and (G , a, ρ)
is a homomorphism φ ∈ Gpd(H ,G ) with φ∗(υ) = ρ. In this way we obtain the
category GpdK of K-pointed topological groupoids, which is in other words the
coslice category (K ⇒ ∗) ↓ Gpd.
For a principal G -bundle P over H , any point p ∈ P induces a homomorphism of
groups Pp : Hπ(p) → Gǫ(p), uniquely determined by the property that hp = pPp(h)
for any h ∈ Hπ(p). A principal (G , a, ρ)-bundle over (H , b, υ) is a principal (G , a)-
bundle (P, p) over (H , b) satisfying Pp ◦ υ = ρ. We obtain the Morita category
GPDK of K-pointed topological groupoids, where the morphisms are given by the
isomorphism classes of principal bundles.
More generally, a K-marked topological groupoid is a triple (G , A, ρ), where
A ⊂ G0 and ρ : K × A → G is a continuous functor which is identity on objects.
A principal (G , A, ρ)-bundle over (H , B, υ) is a principal (G , A)-bundle (P, σ) over
(H , B) satisfying Pσ(b)(υ(k, b)) = ρ(k, ǫ(σ(b))) for any b ∈ B and k ∈ K. Again we
obtain the Morita category GPD[K] of K-marked topological groupoids, where the
morphisms are given by isomorphism classes of principal bundles. The category
GPDK is a full subcategory of GPD[K]. An example of a K-marked topological
groupoid is (K × In, ∂In, τ), where τ : K × ∂In → K × In is the inclusion.
1.6. Homotopy. Let (G , A, ρ), (H , B, υ) be K-marked topological groupoids and
(P, σ), (P ′, σ′) principal (G , A, ρ)-bundles over (H , B, υ). A homotopy from (P, σ)
to (P ′, σ′) is principal (G , A, ρ)-bundle (H,λ) over (H × I, B× I, υ× I) such that
the restrictions of (H,λ) to (H ×{0}, B×{0}, υ×{0}) and (H ×{1}, B×{1}, υ×
{1}) are isomorphic to (P, σ) respectively (P ′, σ′). We say that (P, σ), (P ′, σ′)
are homotopic if such a homotopy exists. One may show that homotopy is an
equivalence relation on the set of Morita morphisms from (H , B, υ) to (G , A, ρ)
and that this equivalence relation behaves well with respect to the composition in
GPD[K]. (To show the transitivity of the relation, one needs to concatenate two
homotopies, and this should be done by inserting a trivial homotopy in the middle
to ensure that the concatenated principal bundle is locally trivial.) We denote by
hGPD[K]((H , B, υ), (G , A, ρ)) = [(H , B, υ), (G , A, ρ)]
the set of homotopy classes of principal (G , A, ρ)-bundles over (H , B, υ). We obtain
the homotopy Morita category hGPD[K] of K-marked topological groupoids.
1.7. Homotopy groups. We define the n-th homotopy group of a K-pointed topo-
logical groupoid (G , a, ρ) by
πKn (G ) = π
K
n (G , a, ρ) = [(K × I
n, ∂In, τ), (G , a, ρ)] .
As usual, this is just a pointed set for n = 0, a group for n = 1 and an abelian
group for n ≥ 2. For K = 1 we recover the usual homotopy groups πn(G , a) of
5the pointed topological groupoid (G , a). By definition we see that πKn is homo-
topy Morita invariant, as it is a functor defined on the category GPDK and also on
hGPDK . Any homomorphism K → K ′ between locally compact Hausdorff topo-
logical groups induces a natural transformation from πK
′
n and π
K
n over the natural
functor GPDK′ → GPDK .
2. Homotopy sequence of a topological groupoid with a basegroup
2.1. The groupoid GK . Let K be a locally compact Hausdorff topological group.
For a topological groupoid G we have the natural map ω : hom(K,G ) → G0, ϕ 7→
ϕ(∗). Now observe that there is a natural right (adjoint) G -action on hom(K,G )
along ω, given by
(ϕg)(k) = g−1ϕ(k)g = (Adg−1 ◦ ϕ)(k)
for any k ∈ K. We denote by
G
K = hom(K,G )⋊ G
the associated translation groupoid. In particular, the map ω induces a homomor-
phism ω = ωG : G
K → G . The definition of GK can be extended to a functor.
Indeed, if P is a principal G -bundle over H , we take
PK = hom(K,H )×H0 P .
The space PK has a natural structure of a principal GK-bundle over H K , given
by maps π(ϕ, p) = ϕ, ǫ(ϕ, p) = Pp ◦ϕ and actions h(ϕ, p) = (Adh ◦ϕ, hp), (ϕ, p)g =
(ϕ, pg). One can check that this gives us a functor ( - )K : GPD→ GPD. Note that
we have a natural isomorphism between PK ⊗ 〈ωG 〉 and 〈ωH 〉 ⊗P . Note also that
a homomorphism φ : H → G induces a homomorphism φK : H K → GK in the
obvious way and that 〈φK〉 is naturally isomorphic to 〈φ〉K .
Proposition 1. Let G ,H be topological groupoids and K a locally compact Haus-
dorff topological group. There is a natural bijection
GPD(K ×H ,G ) ∼= GPD(H ,GK) .
Proof. Let P be a principal G -bundle over K × H . For any p ∈ P we have the
associated homomorphism of topological groups Pp : K × Hπ(p) → Gǫ(p). There
is also the associated map ǫ¯ : P → hom(K,G ) given by ǫ¯(p)(k) = Pp(k, 1π(p)).
Explicitly, the map ǫ¯ is characterized by the equality
(1) (k, 1π(p))p = pǫ¯(p)(k) ,
which holds for any k ∈ K. One can check that ǫ¯ is G -equivariant, so we have a
right GK-action on P along ǫ¯. Furthermore, this action commutes with the left H -
action and P is also a principal GK-bundle over H . Finally, observe that ǫ can be
reconstructed from ǫ¯ as ǫ = ω ◦ ǫ¯, and the left K-action on P can be reconstructed
by Equation (1). 
Remark. In fact we proved that we have a natural isomorphism of groupoids
GPD(K ×H ,G ) ∼= GPD(H ,GK) ,
where we use the underlined notation GPD to denote the set of principal bundles
rather than the set of their isomorphism classes, i.e. the 1-morphisms in the Morita
bicategory. We can lift this to the context of K-marked groupoids. In particular,
we obtain a natural isomorphism of groupoids
GPD[K]((K × I
n, ∂In, τ), (G , a, ρ)) ∼= GPD[∗]((I
n, ∂In), (GK , ρ)) ,
for any K-pointed topological groupoid (G , a, ρ).
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The proposition shows that the groupoid GK behaves as the exponent in the
Morita category. For a more general study of exponents in the context of topological
stacks, see [1].
Corollary 2. Let K be a locally compact Hausdorff topological group. For any
K-pointed topological groupoid (G , a, ρ) there is a natural isomorphism
πKn (G , a, ρ)
∼= πn(G
K , ρ) .
2.2. Serre K-fibrations. Let H and G be topological groupoids and let P be
a principal G -bundle over H . Recall from [10] that P is a Serre fibration if for
any given principal H -bundle α over In, principal G -bundle β over In+1 and
isomorphism χ from α ⊗ P to β|In×{0}, there exist a principal H -bundle α¯ over
In+1, a principal G -bundle β¯ over In+1 and isomorphisms of principal bundles
χ¯ : α¯ ⊗ P → β¯, ζ : α → α¯|In×{0} and ξ : β → β¯ such that χ¯ ◦ (ζ ⊗ P ) = ξ ◦ χ.
This notion is defined in the Morita bicategory of topological groupoids, however
it is clearly a well-defined property of a Morita map in GPD. It is a generalization
of the notion of Serre fibration in the category of topological spaces, and can be
stated as the existence of the morphism α¯ in the commutative diagram
In
α
//

H
P

In+1
β
//
α¯
<<
G
of 1-arrows in the Morita bicategory of topological groupoids. We say that a homo-
morphism φ : H → G of topological groupoids is a Serre fibration if the associated
principal G -bundle 〈φ〉 over H is a Serre fibration.
Let us state some basic properties of Serre fibrations which we will use in the
rest of the paper (see [10], compare to [19]):
(i) Any Morita equivalence (i.e. an isomorphism in GPD) is a Serre fibration.
(ii) The composition of Serre fibrations in GPD is a Serre fibration.
(iii) If φ : H → G is a homomorphism between topological groupoids such that
φ : H0 → G0 is a Serre fibration and (t, φ) : H1 → H0 ×G0 G1 is a surjective Serre
fibration, then φ is a Serre fibration.
(iv) Any principal (G , a)-bundle (P, p) over (H , b), which is a Serre fibration,
induces a natural long exact sequence
. . .→ πn(H ⋉ ǫ
−1(a))
πn(pr1)→ πn(H )
πn(P )
→ πn(G )→ πn−1(H ⋉ ǫ
−1(a))→ . . .
The translation groupoid H ⋉ ǫ−1(a) is called the fiber of P over a.
We say that a principal G -bundle P over H is a Serre K-fibration if the associ-
ated principal GK-bundle PK over H K is a Serre fibration. By Proposition 1 we
see that this is true if and only if for any given principal H -bundle α over K × In,
principal G -bundle β over K× In+1 and isomorphism χ from α⊗P to β|K×In×{0},
there exist a principal H -bundle α¯ over K × In+1, a principal G -bundle β¯ over
K×In+1 and isomorphisms of principal bundles χ¯ : α¯⊗P → β¯, ζ : α→ α¯|K×In×{0}
and ξ : β → β¯ such that χ¯ ◦ (ζ ⊗ P ) = ξ ◦ χ.
K × In
α
//

H
P

K × In+1
β
//
α¯
::
G
7Analogously, we say that a homomorphism φ : H → G is a Serre K-fibration if
φK : H K → GK is a Serre fibration, which is true of course if and only if 〈φ〉K is
a Serre fibration.
Lemma 3. Let φ : H → G be a homomorphism of topological groupoids such that
the map (t, φ) : H1 → H0 ×G0 G1 is a surjective Serre fibration. Suppose that X is
a space with a right G -action, Y a space with a right H -action and f : Y → X a
φ-equivariant Serre fibration. Then the induced homomorphism Y ⋊H → X ⋊ G
is a Serre fibration.
Proof. We have to show that the map
(t, f × φ) : (Y ⋊H )1 → (Y ⋊H )0 ×(X⋊G )0 (X ⋊ G )1
is a surjective Serre fibration. Equivalently, we have to show that the map Y ×H0
H1 → Y ×H0 (H0 ×G0 G1), (y, h) 7→ (y, t(h), φ(h)), is a surjective Serre fibration,
which is true because it is a pull-back of the surjective Serre fibration (t, φ) : H1 →
H0 ×G0 G1. 
Proposition 4. Let K be a locally compact Hausdorff topological group and let
φ : H → G be a homomorphism of topological groupoids such that the map φ∗ :
hom(K,H )→ hom(K,G ) is a Serre fibration and the map (t, φ) : H1 → H0×G0 G1
is a surjective Serre fibration. Then φ is a Serre K-fibration.
Proof. Note that the assumption that φ∗ : hom(K,H ) → hom(K,G ) is a Serre
fibration implies that φ : H0 → G0 is also a Serre fibration. The proposition is
hence a consequence of Lemma 3. 
Proposition 5. Let K be a locally compact Hausdorff topological group, let (G , a, ρ),
(H , b, υ) be K-pointed topological groupoids and let (P, p) be a principal (G , a, ρ)-
bundle over (H , b, υ) which is a Serre fibration. We have a natural long exact
sequence
. . .→πn(H ⋉ (hom(K,H )× ǫ
−1(a)), (ρ, p))→ πKn (H , b, υ)
πn(P )
→ πKn (G , a, ρ)
→πn−1(H ⋉ (hom(K,H )× ǫ
−1(a)), (ρ, p))→ . . .
Proof. This is simply the long exact sequence of homotopy groups associated to the
Serre fibration PK . 
Proposition 6. Let G be a topological groupoid and K a locally compact Hausdorff
topological group. If ω : hom(K,G ) → G0 is a Serre fibration, then ω : GK → G is
a Serre fibration.
Proof. This is a direct consequence of Lemma 3. 
Theorem 7. Let K be a locally compact Hausdorff topological group and (G , a, ρ)
a K-pointed topological groupoid such that ω : GK → G is a Serre fibration. We
have a natural long exact sequence
. . .→ πn(hom(K,Ga))→ π
K
n (G )
πn(ω)
→ πn(G )
∂
→ πn−1(hom(K,Ga))→ . . .
Proof. The long exact sequence is the one associated to the Serre fibration ω :
G
K → G . This follows from Corollary 2 and the fact that the fiber of 〈ω〉 over a is
Morita equivalent to the space hom(K,Ga). Indeed, we have
〈ω〉 = hom(K,G )×G0 G1 ,
so the fiber of 〈ω〉 over a is the translation groupoid associated to the GK-action
on the space
F = hom(K,G )×G0 G (a, - ) ,
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where G (a, - ) = s−1(a) is the source-fiber over a in G . Now note that the GK-
action on F is free and the subspace hom(K,G ) ×G0 {1a} ∼= hom(K,Ga) of F
intersects each orbit of GK-action in exactly one point. One can then see that the
natural inclusion of the space hom(K,Ga) into the fiber G
K
⋉ F gives a Morita
equivalence. 
It turns out that in concrete examples it is often too optimistic to expect that
ω : GK → G is a Serre fibration, but it may well happen that this homomorphism is
a Serre fibration when restricted to a path-component of the topological groupoid
GK . (We say that a topological groupoid H is path-connected if π0(H ) = 1. A
path-component of a topological groupoid H is a maximal path-connected (full)
subgroupoid of H . The space of objects of a path-component of H is a minimal
H -invariant union of path-components of the space H0.) Therefore, let us intro-
duce the following notation: For a K-pointed path-connected topological groupoid
(G , a, ρ), denote by GKρ the path-component of G
K with ρ ∈ (GKρ )0, and write
hom(K,G )ρ = (G
K
ρ )0. Denote also hom(K,G )a,ρ = hom(K,Ga) ∩ hom(K,G )ρ.
Lemma 3 now implies:
Proposition 8. Let K be a locally compact Hausdorff topological group and (G , a, ρ)
a K-pointed path-connected topological groupoid. If ω : hom(K,G )ρ → G0 is a Serre
fibration, then ω : GKρ → G is a Serre fibration.
Theorem 9. Let K be a locally compact Hausdorff topological group and (G , a, ρ)
a K-pointed path-connected topological groupoid such that ω : GKρ → G is a Serre
fibration. We have a natural long exact sequence
. . .→ πn(hom(K,Ga))→ π
K
n (G )
πn(ω)
→ πn(G )
∂
→ πn−1(hom(K,Ga))→ . . .
. . .→ π1(hom(K,Ga))→ π
K
1 (G )
π1(ω)
→ π1(G )
∂
→ π0(hom(K,G )a,ρ)→ 1 .
Proof. The proof is analogous to the proof of Theorem 7, with GK replaced by GKρ
and hom(K,Ga) replaced by hom(K,G )a,ρ. We use that π0(G
K
ρ ) = 1, πn(G
K) =
πn(G
K
ρ ) and πn(hom(K,G )a,ρ) = πn(hom(K,Ga)) for any n ≥ 1. 
3. Obstruction to presentability of proper regular Lie groupoids
3.1. Normal representation of a Lie groupoid. Recall that a Lie groupoid is
a topological groupoid G such that both G0 and G1 are smooth manifolds and all
the structure maps are smooth, with the source map being a submersion. We also
assume that G0 and the fibers of the source map are Hausdorff, but in general G1 may
not be Hausdorff. Of course, we consider the smooth homomorphisms between Lie
groupoids, smooth actions of Lie groupoids and smooth principal bundles. If G and
H are Lie groupoids, then a smooth principal G -bundle over H is a principal G -
bundle P over H such that P is a smooth manifold, all the structure maps of P are
smooth, the projection P → H0 is a surjective submersion and the map P×G0 G1 →
P ×H0 P , (p, g) 7→ (p, pg), is a diffeomorphism. The (smooth) isomorphism classes
of such smooth principal bundles are morphisms in the (smooth) Morita category
of Lie groupoids (for details and examples, see [16, 17]). Smooth manifolds and Lie
groups are examples of Lie groupoids, as are the translation groupoids of smooth
actions of Lie groupoids. The isotropy groups of a Lie groupoid are Lie groups.
Recall that a Lie groupoid G is proper if it is Hausdorff and the map (s, t) : G1 →
G0×G0 is proper. A Lie groupoid G is regular if all its isotropy groups have the same
dimension. A foliation Lie groupoid is a Lie groupoid with discrete isotropy groups.
All these notions are stable under (smooth) Morita equivalence (see [16, 17, 21]). A
Lie groupoid G is e´tale if its source map is a local diffeomorphism. A Lie groupoid
9is a foliation groupoid if and only if it is Morita equivalent to an e´tale Lie groupoid.
Orbifolds can be viewed as proper foliation groupoids [14].
Let G be a Lie groupoid. For any x ∈ G0 we denote by Ox(G ) = G x the orbit
of G through x. The orbit is an immersed submanifold of G0, with the smooth
structure given by the principal Gx-bundle t : G (x, - )→ Ox(G ). The normal space
of G at x is the quotient NxG = TxG0/TxOx(G ) of the tangent space of G0 and
the tangent space of the orbit at x. The union NG of all normal spaces NxG ,
x ∈ G0, is a topological family of vector spaces which is locally trivial along an
orbit, but not locally over G0 in general, as dimension of NxG may vary. There is
a continuous linear left G -action ν on NxG along the natural projection to G0. For
any g ∈ G (x, x′), the linear isomorphism
ν(g, - ) : NxG → Nx′G
is determined by the equality ν(g, [(dgs)(v)]) = [(dgt)(v)] for any v ∈ TgG1 (for
details, see [5]). This action restricts to a Lie group representation
νx : Gx → GL(NxG ) ,
and the kernel
Kx(G ) = Ker(νx)
is a closed Lie subgroup of Gx. The union K(G ) of Kx(G ), x ∈ G0, is a topological
family of Lie groups, a subfamily of the union I(G ) of isotropy groups of G , which
is also a topological family of Lie groups. The elements of K(G ) are called the
ineffective arrows of G . Note that K(G ) is normal in G , i.e. for any g ∈ G (x, x′)
we have Adg(Kx(G )) = Kx′(G ), so we have a left (adjoint) G -action on K(G ) along
the projection to G0. This follows from the equation Adν(g, - ) ◦ νx = νx′ ◦Adg.
It is important to note that the normal family NG , the normal action ν, the
isotropy family I(G ) and the ineffective isotropy family K(G ) all behave well with
respect to (smooth) Morita morphisms. More precisely, let P be a (smooth)
principal G -bundle over a Lie groupoid H . Any p ∈ P defines a linear map
dpP : Nπ(p)H → Nǫ(p)G , determined by the equality dpP ([(dpπ)(v)]) = [(dpǫ)(v)]
for any v ∈ TpP . One can check that νǫ(p)(Pp(h)) ◦ dpP = dpP ◦ νπ(p)(h) for any
h ∈ Hπ(p). If P is a Morita equivalence, the maps Pp and dpP are isomorphisms
and Pp(Kπ(p)(H )) = Kǫ(p)(G ).
If G is regular, then the connected components of the orbits of G define a regular
foliation F(G ) onM , and NG is a (locally trivial) smooth vector bundle on G0 equal
to the normal bundle of the foliation F(G ). The action ν of G on NG is then a
(smooth) representation of the Lie groupoid G .
If G is regular and proper, then all the isotropy groups and all the ineffective
isotropy groups are compact. However, this does not imply that the isotropy bundle
I(G ) is a locally trivial bundle of Lie groups. It turns out, on the other hand, that
K(G ) is, at least if G is connected. In a different way, this was proved in [15] for
the bundle K(G )◦, which is the component of the trivial section in the bundle of
K(G ).
Proposition 10. If G is a connected proper regular Lie groupoid, then the ineffec-
tive isotropy bundle K(G ) is a locally trivial bundle of Lie groups.
Proof. This is a direct consequence of the local linearizability of proper effective
Lie groupoids [4, 21]. 
3.2. Homotopy sequence of a proper regular Lie groupoid.
Proposition 11. Let K be a compact Lie group, let G be a connected proper
regular Lie groupoid with a basepoint a and let ρ be a K-basegroup in G with image
in Ka(G ).
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(i) Any element ϕ ∈ hom(K,G )ρ has its image in K(G ). If ρ : K → Ka(G ) is
an isomorphism, then ϕ : K → Kϕ(∗)(G ) is also an isomorphism.
(ii) The map ω : hom(K,G )ρ → G0 and the homomorphism ω : GKρ → G are
Serre fibrations.
Proof. (i) Recall that the space hom(K,G )ρ is a minimal G -invariant union of
path-components of the space hom(K,G ). The bundle K(G ) is normal in G , and
therefore it is sufficient to show that any ϕ, which is in the same path-component of
the space hom(K,G ) as ρ, has in fact image in K(G ). In other words, if γ is a path
in hom(K,G ) starting at ρ, we have to show that the image of γ(t) is in K(G ) for
any t ∈ [0, 1]. The path γ gives us a path ω ◦ γ in G0. Since G is proper and hence
locally linearizable [4, 21], we may cover the image of ω ◦γ with finitely many open
subsets of G0 on which the groupoid G is linearizable. We may therefore assume,
without loss of generality, that the image of ω ◦ γ lies in an open subset U of G0
such that the restriction of G to U is linearizable. Explicitly, this means that G |U
is isomorphic to the restriction of the translation groupoid
NO(G ) = G |Oa ⋉ (s
−1(a)×Ga Na(G ))
to an open subset V of s−1(a) ×Ga Na(G ), where G |Oa is the transitive groupoid
obtained as the restriction of G to the orbit Oa of G through a. The isomorphism
φ from G |U to NO(G )|V is the canonical one when restricted to the orbit Oa.
The quotient map q : s−1(a) × Na(G ) → s−1(a) ×Ga Na(G ) is a principal Ga-
bundle, so we can lift the path φ ◦ ω ◦ γ to a path γ˜ in s−1(a) ×Na(G ). We write
γ˜(t) = (gt, vt) and put α(t) = Adg−1t
◦φ∗(γ(t)). Note that α(t) is a homomorphism
fromK to the isotropy group ofNO(G ) at q(1a, vt), which is a subgroup of Ga. Since
α(t) depends continuously on t, there exist ht ∈ Ga such that α(t) = Adht ◦ α(0)
(see [3, Lemma 38.1]). It follows that
α(t) = Adht ◦Adg−1
0
◦ φ∗(γ(0)) = Adhtg−10
◦ φ∗(ρ)
and this implies the first part of the statement. The second part of the statement
follows along the same lines.
(ii) We know that K(G ) is a locally trivial bundle of Lie groups over G0, so ω :
hom(K,K(G ))→ G0 is also a locally trivial bundle and therefore a Serre fibration.
The same is true for the restriction of ω to a G -invariant union of path-connected
components of hom(K,K(G )). On the other hand, the space hom(K,K(G )) is a
union of path-connected components of hom(K,G ) by (i). 
As a consequence of Proposition 11, we can apply Theorem 9, to obtain a long
exact sequence of homotopy groups for any proper regular K-pointed Lie groupoid
(G , a, ρ) such that ρ(K) ⊂ Ka(G ). However, if ρ is an isomorphism onto Ka(G ),
the long exact sequence could be written in a simpler form:
Theorem 12. Let K be a compact Lie group, let G be a connected proper regular
Lie groupoid with basepoint a and let ρ : K → Ka(G ) be an isomorphism. We have
a long exact sequence
. . .→ πn(Aut(Ka(G )))→ π
K
n (G )
πn(ω)
→ πn(G )
∂
→ πn−1(Aut(Ka(G )))→ . . .
. . .→ π1(Aut(Ka(G )))→ π
K
1 (G )
π1(ω)
→ π1(G )
∂
→ π0(Aut(Ka(G )))
which is natural with respect to Morita equivalences.
Remark. Here we used the isomorphism ρ to identify the space of isomorphisms from
K to Ka(G ) with Aut(Ka(G )). Note that πn(Aut(Ka(G )), id) = πn(Aut(Ka(G ))) =
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πn(Inn(Ka(G ))) = πn(Ka(G )/C(Ka(G ))) for n ≥ 1. The sequence ends with the
homomorphism
∂ : π1(G , a)→ π0(Aut(Ka(G ))) ,
which we call the monodromy map. This homomorphism does not depend on the
choice of ρ, thus it is a Morita invariant of (G , a). To understand the monodromy
map geometrically, one should represent an element of π1(G , a) by a G -cocycle on I,
i.e. a series of paths in G0 connected by arrows of G (see [17]). Then the monodromy
is obtained by a combination of lifts along the paths and adjoint actions of the
connecting arrows.
Proof. This follows from Theorem 9 and Proposition 11. 
Example 13. Let G be a connected proper e´tale Lie groupoid. Any such groupoid
is regular, has discrete orbits and discrete isotropy groups. We have the associated
effect homomorphism G → Eff(G ) [16] and K(G ) is exactly its kernel. By Theorem
12 we have the long exact sequence
. . .→ πn(Aut(Ka(G )))→ π
K
n (G )
πn(ω)
→ πn(G )
∂
→ πn−1(Aut(Ka(G )))→ . . .
for a choice of a point a ∈ G0 and an isomorphism of Lie groups ρ : K → Ka(G ).
Since the isotropy groups of G are discrete, the space Aut(Ka(G )) is discrete as
well. The long exact sequence thus implies that
πn(ω) : π
K
n (G )→ πn(G )
is an isomorphism for any n ≥ 2 and that we have an exact sequence
1→ πK1 (G )
π1(ω)
→ π1(G )
∂
→ Aut(Ka(G )) .
Example 14. Let G be a connected compact Lie group acting on a connected
manifold M , and assume that this action is regular, i.e. that the isotropy groups of
this action have constant dimension. Therefore, the associated translation groupoid
G ⋉M is regular and proper. The isotropy group Gx = (G ⋉M)x is a subgroup
of G, for any x ∈ M . Choose a basepoint x ∈ M , write Kx = Kx(G ⋉M) and let
ρ : K → Kx be an isomorphism of Lie groups. Note that Kx is a normal subgroup
of Gx and in particular a subgroup of G. By Theorem 12 we have the long exact
sequence
. . .→ πn(Aut(Kx))→ π
K
n (G⋉M)
πn(ω)
→ πn(G⋉M)
∂
→ πn−1(Aut(Kx))→ . . .
This sequence ends with the monodromy map
∂ : π1(G⋉M,x)→ π0(Aut(Kx)) .
Note that, by construction and by [3, Lemma 38.1], we have ∂(π1(G ⋉M,x)) ⊂
π0(WG(Kx)), where WG(Kx) is the subgroup of Aut(Kx) consisting of all automor-
phisms of Kx which are the restriction of an inner automorphism of G. The group
WG(Kx) is isomorphic to the quotient NG(Kx)/CG(Kx) of the normalizer of Kx in
G and the centralizer of Kx in G.
We may choose a faithful unitary representation of the compact Lie group G.
This representation restricts to a faithful unitary representation r : Kx → U(m) of
Kx. We write Wr(Kx) for the subgroup of Aut(Kx) which is identified with the
group WU(m)(r(Kx)) by r. Note that WG(Kx) ⊂ Wr(Kx), so ∂(π1(G ⋉M,x)) ⊂
π0(WG(Kx)) implies
∂(π1(G⋉M,x)) ⊂ π0(Wr(Kx)) .
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3.3. Obstruction to presentability. For a given proper Lie groupoid G it is
a natural question to ask whether it is presentable as a global quotient, or more
precisely, whether it is Morita equivalent to the translation groupoid associated to
an action of a compact connected Lie group. It is well-known that any effective e´tale
proper Lie groupoid is Morita equivalent to the translation groupoid of an action
of a unitary group on a manifold (such groupoids represent effective orbifolds). On
the other hand, there exist particular examples of connected proper regular Lie
groupoids which are not presentable in this way, while it is not known yet if any
proper e´tale Lie groupoid is presentable.
Let G be a connected proper regular Lie groupoid with basepoint a ∈ G0. The
associated monodromy map
∂ : π1(G , a)→ π0(Aut(Ka(G )))
is natural with respect to Morita equivalences. In particular, if G is Morita equiv-
alent to the translation groupoid G ⋉M of an action of a connected compact Lie
group G on a connected manifold M , then the groupoid G ⋉M is regular and we
have the commutative diagram
π1(G , a)
π1(P )

∂
// π0(Aut(Ka(G )))
π0(AdPp )

π1(G⋉M,x)
∂
// π0(Aut(Kx))
where P is a Morita equivalence from G to G ⋉M , p is a point in P such that
a = π(p), x = ǫ(p) and Kx = Kx(G ⋉M) ⊂ Gx ⊂ G. By Example 14 we know
that ∂(π1(G ⋉M,x)) ⊂ π0(WG(Kx)), and we obtain the following obstruction to
presentability:
Theorem 15. Let G be a connected proper regular Lie groupoid with basepoint
a ∈ G0. If G is Morita equivalent to the translation groupoid associated to an action
of a connected compact Lie group on a smooth manifold, then there exists a faithful
unitary representation r : Ka(G )→ U(m) such that ∂(π1(G , a)) ⊂ π0(Wr(Ka(G ))).
Remark. Observe that the condition ∂(π1(G , a)) ⊂ π0(Wr(Ka(G ))) is satisfied if
and only if the character of the representation r is fixed under precomposition
with any automorphism representing a class in the image of the monodromy map
∂ : π1(G , a)→ π0(Aut(Ka(G ))).
Example 16. Let G be a Lie group, letM be a connected manifold with basepoint
a and let R : π1(M,a)→ Aut(G) be a homomorphism. Choose a universal covering
space q : M˜ → M and basepoint a˜ ∈ q−1(a). We have a natural right action of
π1(M,a) on M˜ by deck transformations. Associated to R we have a Lie groupoid
B over M with space of arrows
B1 = M˜ ×π1(M,a) G
which is the space of orbits of the diagonal π1(M,a)-action on M˜ ×G. With source
and target map of B both being equal to the natural projection to M , the Lie
groupoid B is in fact a locally trivial bundle of Lie groups over M . The long exact
sequence of the Serre fibration M → B gives us the short exact sequence
1→ πn(M)→ πn(B)→ πn−1(G)→ 1
for any n ≥ 1. In particular, the group π1(M,a) is a subgroup of π1(B, a).
The Lie groupoid B is regular with I(B) = K(B) = B. Since B is a locally
trivial bundle of Lie groups, it follows that ω : hom(K,B) → M is also a locally
trivial bundle and hence a Serre fibration, so ω : BK → B is a Serre fibration, for
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any Lie group K. For any choice of a K-basegroup ρ in B we therefore have the
long exact sequence
. . .→ πn(hom(K,B))→ π
K
n (B)
πn(ω)
→ πn(B)
∂
→ πn−1(hom(K,B))→ . . .
In special, if G is compact, K = G and ρ : G→ Ba is the natural isomorphism of
Lie groups, we get the long exact sequence
. . .→ πn(Aut(Ba))→ π
G
n (B)
πn(ω)
→ πn(B)
∂
→ πn−1(Aut(Ba))→ . . .
At the end of this sequence we have the map ∂ : π1(B, a) → π0(Aut(Ba)). The
restriction of this homomorphism to π1(M,a) is exactly the composition of R with
the natural quotient map Aut(G)→ π0(Aut(G)) ∼= π0(Aut(Ba)).
If the Lie groupoid B is presentable as a global quotient, the previous theo-
rem implies that there exists a faithful representation r : G → U(m) such that
∂(π1(B, a)) ⊂ π0(Wr(G)). In particular, this implies
R(π1(M,a)) ⊂Wr(G) .
In other words, if we choose the homomorphism R so that this condition is not
satisfied for any faithful representation r, then B is not presentable. Finding out
if such R exists is not too difficult when we know the group G well enough, e.g. if
we explicitly know all of its irreducible characters and all characters of its faithful
representations. For example, it is easy to find such R for the case when G is the
n-torus, n ≥ 2 (this example of non-presentable proper Lie groupoid is known for
n = 2, see e.g. [11, 20]).
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